In this paper we obtain the variational characterization of Hardy space H p for p ∈ ( n n+1
Introduction
Variational, oscillation and jump inequalities have been the subject of many recent articles in probability, ergodic theory and harmonic analysis. The first variational inequality was proved by Lépingle [12] for martingales. Using Lépingle's result, Bourgain [1] is the first one who to obtain corresponding variational estimates for the Birkhoff ergodic averages and then directly deduce pointwise convergence results without previous knowledge that pointwise convergence holds for a dense subclass of functions, which are not available in some ergodic models. Bourgain's work has initiated a new research direction in ergodic theory and harmonic analysis. In [2, 3, 5, 7, 8] , Jones and his collaborators systematically studied jump and variational inequalities for ergodic averages and truncated singular integrals. Since then many other publications came to enrich the literature on this subject. Analogs are also true for corresponding maximal operators which were known. A number of phenomena show that variational, jump and oscillation operators seems to play the same role as maximal operators in harmonic analysis.
In this paper we consider variation, oscillation and λ-jump operators associated with approximate identities. The variational inequality gives us the characterization of H p for p ∈ ( n n+1 , 1]. We obtain estimates for the oscillation and λ-jump acting on Hardy space. A counterexample show that oscillation and λ-jump operators are too small to characterize Hardy space. Before we present our main results we recall some definitions and known results.
Let I be a subset of R + , a = {a t : t ∈ I} be a family of complex numbers and ρ ≥ 1. The ρ-variation norm of the family a is defined by
where the supremum runs over all finite decreasing sequences {t k } in I. We denote the norm v ρ (R + ) by v ρ for short. It is trivial that
for any t 0 ∈ I and ρ ≥ 1.
Given a family of Lebesgue measurable functions F (x) = {F t (x) : t ∈ I}, the value of the ρ-variation function V q (F ) of the family F at x is defined by
Specially, suppose A = {A t } t>0 is a family of operators, the ρ-variation operator related A is simply defined as
It is easy to observe that for any fixed
exist. In particular, if V ρ (A f ) belongs to some function spaces such as L p or L p,∞ , then the sequence converges almost everywhere without any additional condition. This is why mapping property of ρ-variation operator is so interesting in probability, ergodic theory and harmonic analysis. In 1976, Lépingle [12] showed that the ρ-variation operator related to a bounded martingale sequence is a bounded operator on L p for 1 < p < ∞ and ρ > 2. These estimates can fail for ρ ≤ 2, see [11, 14] . So, we need the oscillation operator to substitute the 2-variation operator.
For each fixed decreasing sequence {t i } in R + , we also define the oscillation operator related to A
We also study the λ-jump operator. For λ > 0, the value of the λ-jump function for F at x is defined by
Similarly, we define the λ-jump operator related to A as
Let φ ∈ S with φdx = 1,
The main results of this paper are the following three theorems.
Moreover, for n n+1 < p < ∞, the following conditions are equivalent:
(ii) For any ρ > 2, there is a φ ∈ S with φdx = 0 so that φ * f and
In the above result, the variation operator is used to characterize H p spaces, it is natural to ask if the analogue for the oscillation operator holds.
Moreover, there exists {t
We also apply the above result on variation to provide estimates for the λ-jump operator.
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The paper is organized as follows. In Section 2, we prove that ρ-variation, oscillation and λ-jump operators related to approximate identities are of strong type (p, p) for 1 < p < ∞ and weak type (1, 1) . Using the strong L p (p > 1) estimates for the ρ-variation operator and the atom decomposition of Hardy space, we show Theorem 1.2 in Section 3. We consider the estimate for the oscillation operator associated to approximate identities acting on Hardy space and show that the oscillation is not proper to characterize Hardy spaces in Section 4. Finally, we present a jump inequality for the λ-jump operator on Hardy space and conjecture that its improvement holds, we also illustrate that the λ-jump operator can not be used to characterize H 1 .
Operators related to approximate identities on L p
To study the mapping property of variation, oscillation and λ-jump operators related to approximate identities on H p , we need strong L p estimates for 1 < p < ∞. We use the argument in [8] and include all details for completeness although they are trivial. The following lemmas will be used later.
where
Let σ be a compactly supported finite Borel measure and satisfying
for some b > 0, then for any α > 0 we have
We now state a theorem on the λ-jump operator associated with approximate identities.
Theorem 2.4. Let φ ∈ S with φdx = 0. For 1 < p < ∞, there exists a positive constant C p such that
Proof. Clearly,φ ∈ S , which means that for any N ∈ N there is a C N such that
By Lemma 2.1, we get (2.4). We turn to the proof of (2.5). Lemma 2.1 and Lemma 2.3 imply that it suffices to prove
We perform the Calderón-Zygmund decomposition of f at height 1 and write f = g + b. We just need to establish the following two estimates:
As usual the known L p bounds for S 2 allows us to obtain (2.8):
To show (2.9), we write b = j b j precisely, where each b j is supported in a dyadic cube Q j . We denote by l(Q j ) the side length of Q j . LetQ j be the cube with sides parallel to the axes having the same center as Q j and having side length 8l(Q j ), writeQ = Q j . Obviously,
We still need to prove that
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Let x j be the center of Q j . Using the moment condition of b j and Hölder's inequality, we get
For x ∈Q c and x j , y ∈ Q j , it is clear that |x − x j − θ(y − x j )| ∼ |x − x j | for any θ ∈ [0, 1]. Then,
where we use the following well-known fact
see (39) in [8] . Consequently,
Finally, by (2.11) and Hölder's inequality,
This completes the proof of Theorem 2.4.
To obtain the variational inequality, we present a lemma reducing variational inequalities to jump inequalities, which is a generalization of Bourgain's argument in [1] .
Lemma 2.5. ([8, Lemma 2.1])
Suppose that p 0 < q < p 1 and that for p 0 < p < p 1 the inequality
Then we have for q < ρ,
As a result of above lemma, the following variational inequality holds: Theorem 2.6. For any ρ > 2 and 1 < p < ∞, there exists C p,ρ > 0 such that
Moreover, for any α > 0,
Proof. Clearly, (2.4) and Lemma 2.5 imply (2.12). (2.13) can be proved as (2.7).
Theorem 2.7. For any {t i } ց 0 and 1 < p < ∞, there exists C p > 0 such that
Proof. Let k i be the smallest integer such that 2 ki greater than or equal to t i . The long oscillation operator is given by
The oscillation inequality follows from the pointwise estimate
Strong L p estimates and weak (1, 1) estimate for S 2 (Φ ⋆ f ) have been established as above. For the long oscillation O L (Φ ⋆ f ), we borrow some notations and results from [8, pp.6724 ]. For j ∈ Z and β = (m 1 , · · · , m n ) ∈ Z n , we denote the dyadic cube
, and the set of all dyadic cubes with side length 2 j by D j . The conditional expectation of a local integrable f with respect to D j is given by
Following inequalities are oscillation inequalities for dyadic martingales (see [5] ),
Next, observe that
Jones et al [8] have established the following weak-type (1, 1) bound and L p bounds for S,
see also [4] . This completes the proof of Theorem 2.7.
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Remark 2.8. With φ a radial function, Campbell et al [2, 3] 
Variational characterization of H p
In what follows we shall use the well-known atom decomposition of H p . So, we present the definition of (p, q)-atom. 
there exists a sequence of (p, q)-atoms with 1 ≤ q ≤ ∞ and q = p, {a k }, and a sequence of scalars {λ k } such that 
atom a and p ∈ ( n n+1 , 1]. Suppose a is supported in a cube Q, x 0 is the center of Q, writeQ = 8Q. By Hölder's inequality and Theorem 2.6,
To deal with x ∈ (Q) c one uses the cancelation condition of a and Minkowski's inequality,
For x ∈ (Q) c , y ∈ Q and θ ∈ (0, 1), we have |x
is a smooth function of t on (0, ∞) for any fixed x, y. Applying (2.10) and the mean value theorem, we estimate
For the oscillation of Φ ⋆ f , we take t n = 1 n and use the following pointwise estimate
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For fixed x ∈ [0,
s 2 is decreasing on (1, +∞). So,
For fixed x ∈ ( √ 2 2 , 1),
s 2 is increasing on (1, √ 2x] and decreasing on (
For fixed x ∈ [1, +∞),
s 2 is increasing on (1, Consequently, we have
uniformly in λ > 0.
For counterexample, we take φ(x) = f (x) = e 
In the case of analogous for variation, oscillation and λ-jump operators, we know the conjecture above is possible. However, our current techniques do not allow us to prove it.
